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Magnetic Monopole
Abstract

Magnetic monopole had intrigue many physicist since 1970.  The inclusion of magnetic charge particle would give complete symmetric Maxwell equations.  Also, the equation describing dynamic of electromagnetic field is also symmetric under the interchange of E and B field.  For example, the equation of energy density of electromagnetic field (|E|2+|B|2)/(8 Pi) is unchanged when E and B are switched.  Although experimental evident of magnetic monopole has never exist, theoretical understanding of magnetic monopole and the symmetric relationship it provided gives us ideas about other field of forces such as the symmetry between strong and weak interaction.  One can also argue that although magnetic monopole never exist experimentally might due to inadequacy of instrument.  According to Dirac’s theory that in classical limit magnetic monopole would vanish, however, in quantum level, magnetic monopole was a requirement for the quantization of electric charge.  

If magnetic monopole exist then Maxwell equations become
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These equations are unchanged under these interchange [image: image2.png]E—B B--E
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, which is call the duality transformation.  If we treat E and B as two independent axis, and ρe and ρm as another set of two independent axis, then these transformations are just rotation of these coordinate axis by 90 degrees in counterclockwise direction as shown on the figure below.  
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Rotation of other degree would also leave the new Maxwell’s equations invariant.  [image: image5.png]E—Ecosa+Bsina, B -Esina+Beosa,
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E’=Ecosα+cBsinα, cB’=cBcosα-Esinα, 

cqe’=cqecosα+qmsinα, qm’=qmcosα-cqesinα.  

Therefore, if we plug those E’, B’, qe’, and qm’ into Maxwell’s equations we would be able to get the same four equations back.  Therefore, if we know the electric field configuration produced by the electric charge, we can figure out the configuration of magnetic field produced by the corresponding magnetic monopole by transform the coordinate system by 90 degree.  Any other angle would gives the electric and magnetic field configuration of a dyon, which is the particle that has both electric and magnetic charge at rest.  The force law for magnetic monopole would be F= qm(B-vxE/c2) if we assume that Coulumb’s law for magnetic charges qm is F=µ0qm1qm2/(4Pi r2). 


It would be interesting indeed to find out how would a magnetic charged particle interact with magnetic and electric field.  By knowing the particle’s behavior we can prove the existence of magnetic charge experimentally.  For instance, assuming a dyon has electric charge q and magnetic charge q’.  A moving electric charge produces 

E(r,t)=q/4Piε0*(1-(v/c)^2)/(1-v^2(sin(θ/c^2)))^(3/2)*1/R*R,

so a moving magnetic charge produces 

B(r,t)=q’/4Piε0*(1-(v/c)^2)/(1-v^2(sin(θ/c^2)))^(3/2)*1/R*R,

which looks like outward pointing B field from the particle been squeeze in the direction of its trajectory.  The B field equation of moving electric charge is B=1/c^2(vxE(r,t)), and the E field of the moving magnetic charge is E=-1/c^2(vxB(r,t)), the field are circle around the charge with stronger field closer to the particle.  Therefore, a dyon has E and B field in both R and Φ direction.  

The force law for dyon is 

F=q(E+vxB)+q’(B-1/c^2(vxE)).

Assume that two dyon of positive electric and magnetic charge, locate at x=0 and x=a, are traveling at same velocity, v, in the z direction.  The forces on particle at x=a are E(r,t)qx, B(r,t)q’x, -(vB(r,t))qy, 1/c^2(vE(r,t))q’y,-1/c^2(vB)qy, 1/c^2(vE)q’y, -1/c^2(vvE)qx, -1/c^2c^2(vvB)q’x.  

The R, x and y are assumed to be unit vector.  If we summed over all the x and y component we get 

E(r,t)q+B(r,t)q’-1/c^2(vvE)q-1/c^4(vvB)q’x

-(vB(r,t))q+1/c^2(vE(r,t))q’-1/c^2(vB)q+1/c^2(vE)q’y.

For the x component, we get the expression 

C (qq+q’q’+1/c^2(v^2qq)-1/c^4(v^2q’q’)), 

If q=q’ it become

(2 +(1-1/c^2)((v/c)^2)q1q2

Which cannot be zero and can only be negative if relative sign of q1 and q2 are different.  

where 

C=1/4Piε0*(1-(v/c)^2)/(1-v^2(sin (θ/c^2)))^(3/2)*1/R.  

The y component is

C (-vq’q+1/c^2(vqq’)-1/c^2(vq’q)+1/c^2(-vqq’))=-C (1+1/c^2)vq1q2).

Which cannot be zero and can only be negative if relative sign of q1 and q2 are different too.  The dyons would attract each other if they have different sign because x component would be negative and repel if they have same sign because the x component would be positive.  The x component could be seem as the radial force on the dyons.  The other dyon would feel the opposite y component because of symmetry.  Therefore, the y component of the force can be seen as the angular forces acting on the dyons.  When q1=q2, y component of force would be negative on the dyons at the x=a, and the two would spiral outward in clockwise direction around each other as they move upward in z direction.  If q1=-q2, they would spiral inward in counterclockwise direction.  


When two dyon particles traveling perpendicular to each other the forces become more complicated to calculate.  An easier way to analysis the system is to assume that two dyon currents were close to each other perpendicularly.  The first wire carries dyon particles with electrical charge per unit length ρ1 and magnetic charge per unit length ρ1’; and electrical current j1 and magnetic current j1’, going in the z direction.  A second wire with ρ2 and ρ2’; and j2 and j2’, on the line x=a, and z=0, going in the y direction.  The radial field the first wire would produce is 

E(r)=ρ1 /(2 Pi ε0 r)r, and B(r)= ρ1’/(2 Pi ε0 r)r

 in the cylindrical coordinate.  The field in the Φ direction would be 

B(Φ) =μ0j1/(2*Pi*r)Φ and E(Φ)=- μ0j1’/(2*Pi*r)Φ.
Applying the force law again F=q(E+vxB)+q’(B-1/c^2(vxE))= ρE+jxB+ ρ’B-1/c^2j’xE, the force on the second wire by the radial field in the x direction would be 

ρE(x)+ρ’B(x)= (ρ2ρ1+ ρ2’ρ1’) cos(Φ)/(2 Pi ε0 r)x,

which is also 

(ρ2ρ1+ρ2’ρ1’)a/((a^2+y^2)(2 Pi ε0 ))x
in Cartesian coordinates.  I ignore the part in the y direction since it is in the direction of the wire and would only contribute to the change of current but not to the forces acting on the wire.  The forces on the second wire by the radial field in the z direction are 

j2xB(r)-1/c^2(j2’xE(r))=(-j2ρ1’+1/c^2*j2’ρ1)(sin(Pi/2- Φ))/(2 Pi ε0 r)z

=(-j2ρ1’+1/c^2*j2’ρ1)*(cos(Φ))/(2 Pi ε0 r)z=(-j2ρ1’+1/c^2*j2’ρ1)a/((a^2+y^2)(2 Pi ε0))z.  
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For cos(Φ)=a/(a^2+y^2)^(1/2).  The forces on second wire by B(Φ) and E(Φ) in the x direction is                              

ρ2E(Φ)+ρ2’B(Φ)=(ρ2 j1’-ρ2’j1)sin(Φ)μ0/(2*Pi*r)x

=(ρ2 j1’-ρ2’j1)yμ0/((a^2+y^2)(2*Pi))x


[image: image7.png]



The forces on second wire by B(Φ) and E(Φ) in the z direction is 

j2xB(Φ)-1/c^2*j2’xE(Φ)= (j2j1+1/c^2*j2’j1’)μ0sin(Φ)/(2*Pi*r)z

=(j2j1+1/c^2*j2’j1’)μ0y/(2*Pi*(a^2+y^2))z

if we summed over all the forces in the x and z directions we get

((ρ2ρ1+ ρ2’ρ1’) a/((a^2+y^2)(2 Pi ε0))

+(ρ2 j1’-ρ2’j1)yμ0/((a^2+y^2)(2*Pi*)))x

+((-j2ρ1’+1/c^2*j2’ρ1)a/((a^2+y^2)(2 Pi ε0))

+(j2j1+1/c^2*j2’j1’)μ0y/(2*Pi*(a^2+y^2)))z

=C(((ρ2ρ1+ ρ2’ρ1’)a/ε0+(ρ2 j1’-ρ2’j1)yμ0)x

+((-j2ρ1’+1/c^2*j2’ρ1)a/ε0+(j2j1+1/c^2*j2’j1’)μ0y)z 

where, C=1/((a^2+y^2)(2*Pi)). 

If we choose ρ1=ρ1’, ρ2=ρ2’, j1=j1’, and j2=j2’ we have

C(2(ρ2ρ1)a/ε0x+((-1+1/c^2)j2ρ1)a/ε0+((1+1/c^2)j2j1)μ0y)z 

When ρ2 and ρ1 are same sign, x component is positive so forces between them is repulsive.  when they have different sign, they are attractive.  The current direction does not affect the radial force in between.  The first term of z component would be positive if 

(1+1/c^2)j1)μ0y>(1-1/c^2)ρ1)a/ε0 or, ((1+1/c^2)j1)y>(c^2-1)ρ1)a, which can be approximate to be j1y/ρ1a>c^4.  Larger y, meaning further section of wire and smaller a, meaning closer the distance between the two wires would produce positive z component.  If we rotate the coordinate system to make switch between wire one and wire two, then since the Maxwell equation of dyons should also preserve symmetry under rotation, we can inferred that the force on the wire at the z axis is in –y direction.  Since C has y^-2 dependence, we see that the section of wire that is closer to crossing point experience stronger force.  


Although duality transformation satisfy Maxwell equation, the equation div(B)=4Piρ’ implies that B cannot be written as curl of A.  If B=curl(A), then by vector identity, div(curl(A))=0, but div(B) does not equal to zero.  However, A could be modified to satisfy that relationship.  Suppose we can write B=div(A)+ SOMETHING.  Then, [image: image8.png][v-8ar = [ v-csovErmGay





using divergence theorem we get,

Integrate(A*da)

we want SOMETHING to be small so B=curl(A) almost everywhere.  So we choose SOMETHING to be zero everywhere and infinity on a point of the integrated surface.  Since the integrated surface is arbitrary, there should be a continuous line of infinity going through each surface from the monopole.  This line is call Dirac string.  This implies that A has to be infinite or singular along the Dirac string.  In order to get rid of the string of singularity, Dirac write the A as A=AΦ Φ where AΦ  is
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if string lies on negative z axis and 
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if string lies on positive z axis.  The N represents the region covering everywhere except the negative z axis and S represents the region everywhere except the positive z axis.  Both equations have infinity at the origin.  For the first one, 1-cosθ/sinθ becomes sinθ/cosθ=0 as θ approaches 0, and becomes 1+1/0=infinity as θ approaches Pi.  For the second one, it becomes infinity as θ approaches 0, and 0 as θ approaches Pi.  Therefore, both are line of infinity.  Since A only has Φ direction, if we calculate the flux, integrate(A*da), we get zero since da is only in r direction.  This shows that this A is a good candidate for Dirac monopole.  in the overlapping region, 

AΦN -AΦS  =2g/(r*sin(θ)),

Which can be express as 
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where [image: image12.bmp] is 1/rsinθ*dS/dΦ and [image: image13.png]expl2ige@)





and e is the electric charge.  if we want S to be single-value, then ge=nPi, where n is a integer.  This is the condition for the quantization of electric and magnetic charge.  they are also inverse of each other.  


In Quantum Electrodynamics, e^2 is proportional to the α, the coupling constant, which has value of 1/137.  Interactions between electrical, weak, and strong forces can be written in terms of feynman diagram in a systematic way.  For electric interaction each vertex in the diagram contributes an e factor for the cross section of scattering.  
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Therefore, the first order has α proportional to the cross section, and second order has α^2 and so on.  According to QED, all the coupling constant of the forces depends on the energy of the interacting particles.  For electric force, α increases as energy of collision increases according to the equation,    
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or 

αR(Q)=1/(1/α-2/(3Pi)Ln(Q/ me)),

where me is the mass of electron and Q is the change in momentum during the collision.  

The field of developing a model for running coupling constant of magnetic monopole is very complex.  The derivation below is limited to my understanding of QED.  Since α is Cq^2, where C is some constant; from charge conjugation relationship q=k/q’, and we define α’=Cq’^2, we obtain, α=(Ck)^2/α’.  Plugging α(α’) into αR(Q) we get

αR’(Q)=1/(α’/(Ck)^2-2/(3Pi)Ln(Q/me))= 1/(q’^2/((k)^2C)-2/(3Pi)Ln(Q/me)),

for the equation of the form (1/(a-bLn(x)))^2=y, if “a” increases, the bell shape moves to the right, and its width increases also.  Therefore, if α’/(Ck)^2 >1/α, then the slope of α^2 verses Q would be less and the curve would rise more gradually.  


After looking at the duality effect on quantum field theory, we could also look at its effect on electromagnetism in special relativity.  The electromagnetic tensor that satisfies 

[image: image16.png]., OB
V-E=p, VxB=jot+7;



     is   
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 where [image: image19.bmp] is four vector current for electric charge

we can simply use duality transformation; E→B, and B→ -E to get the tensor that satisfies the other Maxwell equations  
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 where [image: image23.bmp]is four vector current for magnetic charge.  Both current ADVANCE s are conserved because [image: image24.png]


and [image: image25.png]


.  Both matrixes are related by the relation[image: image26.png]=
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.  Since we cannot write B or E in turns of A we cannot have [image: image27.png]


.  However, if we can write 
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and use [image: image29.png]Vo Amt
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to plug into Maxwell equations for dyon we get 
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we can see that ∂Gμυ/∂xυ=4Pijμ’/c.
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